
Wave Equation Dispersion Inversion of Surface Waves Recorded on Irregular Topography
Jing Li∗, Fan-Chi Lin†, Amir Alam†, and Gerard T. Schuster∗.
∗ King Abdullah University of Science and Technology, Thuwal, Saudi Arabia, 23955-6900.
† University of Utah, 271 Frederick Albert Sutton Building, Salt Lake City, UT 84112, USA.

SUMMARY

Significant topographic variations will strongly influence the
amplitudes and phases of propagating surface waves. Such ef-
fects should be taken into account, otherwise the S-velocity
model inverted from the Rayleigh dispersion curves will con-
tain significant inaccuracies. We now show that the recently
developed wave-equation dispersion inversion (WD) method
naturally takes into account the effects of topography to give
accurate S-velocity tomograms. Application of topographic
WD to demonstrates that WD can accurately invert dispersion
curves from seismic data recorded over variable topography.
We also apply this method to field data recorded on the crest
of mountainous terrain and find with higher resolution than the
standard WD tomogram.

INTRODUCTION

There are a number of studies that demonstrate surface waves
can strongly scatter from topographic variations along the record-
ing surface (Davies and Heathershaw, 1984; Snieder, 1986;
Spetzler et al., 2002; Nuber et al., 2016; Borisov et al., 2016).
Unless these topographic effects are taken into account, the S-
velocity model inverted from the surface waves will contain
significant inaccuracies. As an example, Figure 1a depicts a
velocity model with several local variations of the S-velocity
and an irregular topographic surface (yellow filled line). We
used a 2D elastic finite-difference algorithm (Robertsson, 1996;
Wang et al., 2015) to compute the vertical-component shot
gather shown in Figure 1b for sources and receivers on the
free surface. This compares to the traces in Figure 1c recorded
along a horizontal free surface denoted by the yellow dashed
line in Figure 1a. It is obvious that there are noticeable dif-
ferences between the shot gather in Figure 1b compared to the
one recorded over a horizontal surface in Figure 1c.

Li and Schuster (2016) developed a method for inverting dis-
persion curves associated with surface waves. This method is
denoted as wave equation dispersion inversion (WD) and has
the benefit of robust convergence compared to the tendency of
full waveform inversion (FWI) to getting stuck in local minima
(Masoni et al., 2014; Solano et al., 2014; Yuan et al., 2015;
Köhn et al., 2016). It has the advantage over the traditional
inversion of dispersion curves (Xia et al., 1999; Socco et al.,
2010; Maraschini et al., 2010) in that is does not assume a lay-
ered model and is valid for arbitrary 2D or 3D media. The
standard WD method also can account for topographic effects
by incorporating the free-surface topography into the finite-
difference solution to the elastic wave equation. We will de-
note the WD method as the topographic WD (TWD) if it takes
topography into account by solving the elastic wave equation
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Figure 1: a) S-velocity model with strong topographic vari-
ations similar to the topography in the Southern California
field experiment. The yellow line is the topographic surface
and the white dashed line is the horizontal surface. b) Typical
shot gather for vertical-component records computed by a 2-4
finite-difference solution to the 2D elastic wave-equation with
a free surface having variable topography, d) shot gather com-
puted for a horizontal free surface along the dashed line in a).
c) S-velocity model inverted from the dispersion curves com-
puted from 30 shot gathers with shots along the topographic
surface in a) and 60 vertical-component receivers located ev-
ery 2 m along the surface.

for sources and receivers on the actual topography of the free
surface. In this paper we validate the TWD method for sur-
face waves recorded on free surfaces with strong variations in
topography. Firstly, we briefly review the theory of WD, with
mathematical details provided in Li et al. (2017). This section
also provides the workflow for implementing the TWD method
for traces recorded on irregular topography. The next section
presents numerical results that validate the TWD method for
synthetic data and field data recordedalong a line with signifi-
cant topographyin Southern California. The topography of the
recording surface in both the synthetic and field data examples
is similar to one another with an elevation change of over 300
m along a recording line with length 2.5 km. The final section
presents conclusions.

THEORY

The WD method (Li et al., 2017) inverts for the S-velocity
model that minimizes the dispersion misfit functionε:

ε =
1
2

∑

ω
(

residual=∆κ(ω)
︷ ︸︸ ︷

κ(ω)−κ(ω)obs)2, (1)
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WD with Topography

where,κ(ω) represents the predicted dispersion picked from
the simulated spectrum andκ(ω)obs denotes the dispersion
curve obtained from the recorded spectrum. In practice, these
spectra are computed by applying a linear Radon transform
(LRT) to the common shot gather in the frequency domain (Li
and Schuster, 2016). Any order of dispersion curve can, in
principle, be picked and inverted, but for the examples in this
paper we only use the fundamental mode ofRayleigh waves.

The slowness gradientγ(x) of equation 1 is given by

γ(x) =
∂ε

∂ s(x)
=
∑

ω
∆κ(ω)

∂κ(ω)

∂ s(x)
, (2)

and the optimal shear-slowness models(x) is obtained from
the steepest-descent formula:

s(x)(k+1) = s(x)(k)−α
∑

ω
∆κ(ω)

∂κ(ω)

∂ s(x)
, (3)

where α is the step length by any backtracking line-search
method (Nocedal and Wright, 1999) and the superscript(k) de-
notes thekth iteration. For pedagogical simplicity, we assume
a single shot gather̂D(g,ω) for a source atsand geophones at
g, and the notation for the source location is silent. The misfit
function will include an additional summation over different
shot gathers if more than one shot gather is used. Mathemati-

cal details for deriving the Fréchet derivative∂ κ(ω)
∂ s(x) are given

in Li et al. (2017). The interpretation of equation 3 is that the
traces and source wavelet are weighted by terms proportional
to the wavenumber residual∆κ(ω) and backpropagated into
the medium to update the slowness of the S-velocity model.

Workflow for WD with Topography

The steps for implementing the TWD algorithm are the fol-
lowing.

1. Mute the body waves and higher-order modes of the
Rayleigh-waves in the observed and predicted shot gath-
ers. Then apply a 1D Fourier transform along the time
axis of the shot gather to get the frequency spectrum of
each trace in the shot gather. The predicted shot gather
is computed by a 2D finite-difference solution to the
elastic wave equation (Zeng et al., 2012; Wang et al.,
2012) for shots and receivers on an irregular free sur-
face.

2. Apply a linear Radon transform (LRT) to the frequency
spectra of the predicted and observed shot gathers to
get the phase-velocity curveC(ω) of the fundamental
Rayleigh mode. Here, the finite-difference modeling
of the elastic wave equation is for sources and receivers
on an irregular free surface. The fundamental disper-
sion curves are automatically picked according to the
maximum amplitudes of the magnitude spectrum that
are nearest to the slowness axis. Details for picking the
dispersion curves are in Li et al. (2017).

3. Calculate the weighted dataD(g,ω), which are then
used for computing the backprojected data. The for-
ward propagated source wavelet is weighted by the resid-
ual ∆κ(ω).
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Figure 2: The workflow for implementing the WD method.

4. Estimate the step-lengthα by any backtracking line-
search method.

5. The gradients for each migrated shot gather are added
together to get the S-velocity update. The background
S-velocity model is updated and the above steps are
repeated until the RMS residual falls below a specified
value.

NUMERICAL TESTS

The effectiveness of the WD method is now demonstrated with
synthetic and field data examples, where the data are recorded
on surfaces with significant variations in topography. The syn-
thetic example is a complex topographic model with both canyons
and horst-like features beneath the free surface. The field data
example is for ambient noise data recorded in Southern Cali-
fornia. In the synthetic examples, the observed data are gen-
erated by a staggered-grid solution of the 2D elastic wave-
equation for a free surface with strong topographic variations
(Zeng et al., 2012). In these examples, the P-wave velocity
is updated by assigningvp =

√
3vs and the density is taken

to be a constant value of 1500g/cm3. The WD tomograms
that neglect topography are computed from predicted data with
sources and receivers on a horizontal free surface. Insuch
casesthe predicted data do not take into account the phase and
velocity variations in the observed surface waves recorded on
the irregular recording topography.

Synthetic Data

Two sets of synthetic data are generated for the S-velocity
model in Figure 1a: set A is for shot gathers computed for
sources and receivers on the horizontal free surface (dashed
yellow line) and set B is for shots and receivers on the sloped
free surface (solid yellow line).

If the input data are from set A and the WD method com-
putes data for that free surface, then the resulting S-velocity
tomogram in Figure 3a resembles that from the actual model.
However, if the input data are from set B and the WD method
computes the predicted data for sources and receivers on a hor-
izontal free surface then the resulting tomogram in Figure 3b
contains significant errors.
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WD with Topography

a)  WD Tomogram with Flat Surface Data
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Figure 3: a) WD tomograms where the input data are recorded
along a) a free surface and b) an irregular free surface. The
TWD tomogram is computed from data recorded along the ir-
regular free surface.
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Figure 4: Plot of residual vs iteration number for the synthetic
examples. The Y-axis represents the normalized frequency-
shift data residual, and the solid and dashed lines represent the
WD results that, respectively, take into account and neglect the
effects of an irregular free surface.

To eliminate these topographic errors, the WD method can
generate the predicted data for sources and receivers on the
actual irregular free surface. We will denote this as the topo-
graphic WD (TWD) method. The resulting TWD tomogram
is shown in Figure 3c, where the location of the blue velocity
anomalies mostly agrees that in the actual model.

In addition, Figure 4 shows that after 25 iterations, the normal-
ized TWD residual (black full line) is less than the WD resid-
ual that neglects topographic variations (black dashed line). It
indicates that the inverted traces associated with the TWD to-
mogram more closely resemble the observed ones.

Field Data Tests

The TWD and WD methods are now tested on ambient noise
data recorded along the Clark strand of the San Jacinto fault
zone in Southern California, USA (Figures 5a). The location
of the field experiment is shown in Figure 5a (red square) and
the white dashed line denotes the main fault which is aligned
along the west-north direction. Figure 5b shows the location of
each recording stationacross the faultin a month-long deploy-
ment of a linear array of 134 Fairfield three-component 5-Hz
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Figure 5: The survey line where the ambient noise is recorded
along the crest of a mountain in Southern California. Illustra-
tion a) is the Google map of the research region, b) is the 2D
station distribution map and c) depicts the 3D topographic map
associated with the survey line.

seismometers. With a total aperture of 2.4 km and a mean sta-
tion spacing of 20m, the array locally spans the fault zone from
a low-velocity crustal block on the South-West (SW) through
the damage structure of the fault to a high-velocity crustal
block on the North-East (NE) (Allam and Ben-Zion, 2012;
Share et al., 2017). The data were continuously recorded for 36
days at a 1000-Hz sampling rate. Figure 5c shows the irregular
topography along the survey line, where the largest elevation
difference is about 300m. Before the TWD inversion, the fol-
lowing processing steps are applied to the raw ambient-noise
data (Bensen et al., 2007; Lin et al., 2007)

• Remove instrument response, remove mean, remove
trend, band-pass filter, and segment the entire trace to
a sequence of shorter traces.

• Apply time domain normalization and spectral whiten-
ing.

• Cross-correlation and temporal stacking of the traces
(Lin et al., 2008).

A virtual shot gather for a virtual shot at an endline record-
ing station is shown in Figure 6a. Adding the time-reversed
acausal portion of the trace with the causal portion gives the
result shown in Figure 6b. There is strong energy near the
zero time which islikely caused by body waves for local earth-
quakes. The shot gathers are muted so only the strongest sur-
face waves are retained, as shown in Figure 6c. The dispersion
curve associated with the shot gather with the source at station
2 is shown in Figure 6d.

The virtual shot gathers consist of 125 common shot gathers
(CSGs) with sources located an average of 20m along the
recording line. Each shot is recorded by 125 receivers with
an average spacing of 20m. Figure 7a shows the standard
WD S-velocity tomogram that neglects topography, and in-
dicates that there is a low-velocity zone for the offset range
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WD with Topography
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Figure 6: Data processing results for the Southern California
data. a) Virtual shot gather at station No. 2, b) the sum of the
causal and time-reversed non-causal parts of the shot gather, c)
data after windowing, d) and the dispersion curve for station
No. 2.

900m<x<1400m, which isgenerally consistent with the local
damaged structureof the San Jacinto fault zone. For compari-
son, the TWD tomogram is shown in Figure 7b and shows an
obvious low-velocity anomaly that is coincides with that seen
in the WD tomogram. In addition, the TWD tomogram shows
more consistent across the fault and higher resolution features
shows more clearly the velocity contrast across the fault and
not seen in the the WD tomogram.

As a final check, Figure 7c shows a common offset gather
(COG) with the source-receiver offset of 200m. The white
dashed line in this figure indicates the location of the main
fault at the offset range 900m<x<1000m. Compared to the
WD tomogram, the locations of the low-velocity anomalies in
the TWD tomogram are more consistent with the interpreted
faults (white lines) in the COG profile. For example, there are
strong indications of antithetic faulting seen in the TWD to-
mogram and COG not seen in the WD tomogram.

DISCUSSION AND CONCLUSIONS

We present the TWD method that accounts for an irregular
recording surface by using elastic finite-difference solutions
for sources and receivers on the irregular free surfaces. The
effectiveness of this method is numerically demonstrated with
synthetic data and field traces recorded on an irregular free
surface. Results with synthetic data suggest that there will be
significant errors in the tomogram if topographic phase delays
larger than a quarter of a cycle are not accounted for in the
inversion. As an empirical rule, we use TWD when the topo-
graphic elevation varies by more than a quarter of a wavelength
for source-receiver offsets less than 3-4 wavelengths. Appro-
priate corrections to this rule can be determined by synthetic
simulations for sources and receivers on the specified survey
topography. The TWD method is also applied to field data

Figure 7: a) S-velocity tomogram inverted from the Southern
California dispersion curves, b) S-velocity tomogram obtained
by the TWD method that takes into account the irregular to-
pography, and c) COGs at the source-receiver offset of 200m.
The dashed white faults are the interpreted faults, where the
dashed line at the far left is the main fault seen at the surface.

recorded over mountainous terrain in Southern California. The
S-velocity TWD tomogram shows more fault-like details than
the WD tomogram, and some fault-like structures appear to
more consistent with those seen in the COG image. However,
the actual sub-surface fault model is not except for the location
of the main fault.
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